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On the assumption that synthetic fibres at low strains can be considered as transversely 
isotropic elastic bodies the five independent elastic compliances have been measured for 
filaments of low and high density polyethylene, nylon 6.6, polyethylene terephthalate and 
polypropylene, all at room temperature. Experimental values are compared with those 
predicted using an aggregate theory which assumes that the partially Oriented fibre can be 
considered as an aggregate of elastic units which are aligned by the drawing process, and 
whose properties are those of the fully oriented fibre. 

The applicability of this aggregate theory is discussed, and possible explanations are 
advanced in those cases where agreement between theory and experiment is unsatisfactory. 

1. In t roduct ion 
Useful fibres from synthetic polymers show a 
characteristic anisotropy, resulting from their 
production by uniaxial stretching processes. 
There is a high degree of molecular alignment 
along the fibre axis giving transverse isotropy in 
a plane perpendicular to this axis. All the fibres 
discussed in this report behave as viscoelastic 
solids; if, however, measurements are made at a 
fixed time after the application of load, the effects 
of creep and stress relaxation can be neglected 
and the fibres to a first approximation regarded 
as anisotropic elastic solids. The discussion will 
be confined to cases where such an approxima- 
tion may be justified. 

At small strains the mechanical behaviour can 
be defined, as outlined below, in terms of five 
independent elastic compliances (or stiffnesses). 

Recent developments have enabled all five 
elastic constants to be measured and results have 
already been reported for two selected mono- 
filaments of polyethylene terephthalate and one 
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monofilament of nylon 6.6. Data on extensional 
and shear moduli of polyethylene terephthalate 
and polypropylene fibres have also been pub- 
lished previously. Reviews of this earlier work 
have been made by Ward [1] and Ward and 
Pinnock [2]. The present paper reports a 
systematic attempt to measure all five elastic 
constants on fibre monofilaments of five 
materials (polyethylene terephthalate, nylon, 
polypropylene, low density polyethylene and 
high density polyethylene) at room temperature 
as a function of molecular orientation as deter- 
mined by stretch- (or draw-) ratio. 

All the results presented for low density and 
high density polyethylene fibres have not been 
reported previously. The results for the other 
fibres are much more extensive than those 
reported previously, particularly in nylon where 
only the single monofilament was measured. 

There is some overlap with previous published 
work in oriented sheets of low density polyethy- 
lene and polyethylene terephthalate. Such 
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investigations yield two of the elastic constants 
explicitly and a combination of two more. (See 
[2] for a summary, also sections 4 and 5 below.) 

Attempts have been made previously to pre- 
dict the optical and mechanical anisotropy of 
polyethylene terephthalate and polypropylene 
fibres, and polyethylene fibres and films on the 
basis of a theory in which the fibre or film is 
assumed to consist of an aggregate of small 
anisotropic units.These attempts were incomplete 
because not all the elastic constants were de- 
termined. The results presented in this paper 
now enable such calculations to be carried out in 
some detail, and also provide accessible data for 
testing alternative theories of orientation. 

2, Theoretical Principles 
2.1. Anisotropic Elastic Behaviour 
The mechanical properties of an anisotropic solid 
for small strains, are defined by the generalised 
Hooke's law. 

e p  ~ S p q  O-q 

~ q  ~ C q p  ep 

relating strains ep to stresses Crq, where Spq and 
Cqp are the compliance and stiffness constants 
respectively, p and q have integral values in the 
range 1 . . . .  6. (See, for example, Hearmon 1956 
[3].) Transverse isotropy reduces the number of 
independent elastic constants to five and the 
matrix relation between strain and stress may 
then be written as (see, for example, Nye 1957 
[41). 

Sll $12 $13 0 0 0 
$12 $11 Sla 0 0 0 
$13 S13 338 0 0 0 

ep = 0 0 0 S~4 0 0 (;q 
0 0 0 0 S~4 0 
0 0 0 0 0 2($11 -- $12) 

Compliance constants have been used rather 
than stiffness constants because they are more 
readily determined by direct experiment. These 
constants are simply related to the better known 
moduli and Poisson's ratios. (i) $33 is the 
reciprocal of Young's modulus, the extensional 

•'33 = sin40 $11 -k cos40 $33 + sin20 cos~0 (2Sla 

S'44 = (2 sin20 cos20 + sin20) $11 -- sin20 $12 -- 

modulus Eo; (ii) $11 is the reciprocal of the 
transverse modulus Eg0, perpendicular to the 
axis of drawing; (iii) the Poisson's ratios associ- 
ated with longitudinal extension, vE = -- $13/$3~; 
(iv) in a similar manner Poisson's ratios for 
application of a load in a plane perpendicular to 
a fibre axis are given by 72 T = -  812/311 , 
vT'~-$13/$11; (v) $4~ is the reciprocal of the 
torsional modulus G. 

2.2. The Aggregate Theory 
The aggregate theory for optical and mechanical 
anisotropy in polymers has been described in 
detail elsewhere [5], and here only its main 
features will be summarised. 

A partially oriented fibre is assumed to con- 
sist of an aggregate of anisotropic units, each 
possessing transverse isotropy. The polarisa- 
bility of a unit is defined by P1 the principal 
polarisability of the unit parallel to its symmetry 
axis and P2 the polarisability in a plane perpen- 
dicular to this axis. Let the axis of a given unit 
make an angle 0 with the fibre axis. The bire- 
fringence for an intermediate degree of molecular 
orientation can then be derived as An = Anm~x 
( 1 - - ~  s-]-~0), where Anmax is the maximum 
birefringence for a completely oriented fibre and 
s in~  is the mean value of sin20 for the aggregate. 

When the calculation is extended to predict 
mechanical anisotropy the transformation for- 
mulae become lengthy, because the quantities in- 
volved are fourth rank tensors. The calculations 
can, in principle, be made in two ways, either by 
considering compliances or stiffnesses. In general 
the principal axes of stress and strain in an aniso- 
tropic solid are not coincident, and both 
approaches involve an approximation. One may 
assume either uniform stress, in which case the 
strains throughout the aggregate are not continu- 
ous, or uniform strain, which gives rise to dis- 
continuity of stress. The uniform stress approach 
implies a summation of compliance constants, 
and gives rise to what will be termed the Reuss 
average [6]; the uniform strain method, implying 
a summation of stiffness, leads to the Voigt 
average [7]. 

Compliances for the aggregate are given by: 

+ &~) 

4 sin20 cos20 Sla + 2 sin~0 cos20 Sa~ 

+ �89 + sin40 -- 2 sin20 cos20 + cos20) $44 

S'11 = ~ (cos40 + 2 cos~0 + 3) Sll -~- 1 (3 COS20 sin~0 + sin20) S13 + ~ sin ~6 S~a 

+ ~- (3 sin20 cos20 + sin20) $4~ 
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S'~2 = ~ (cos40 -- 2 cos~O + 1) Sl l  4- C0S20 S12 4- ~ (sin20 cos~O + 3 cos20) S~3 + ~ sin~O $3~ 

+ ~ (sin20 cos20 -- sin20) S~4 

S'~a = �89 sin20 cos~O Sn + ~ sin2b S~ + ~ (sin40 + cos~O + cos20) Sla + �89 sin~O cos20 Saa 

- -  �89 sin20 cos20 $44 

where a prime denotes the compliance for the 
aggregate and the umprimed compliances are 
those of the transversely isotropic unit. 

3. Experiment 
3.1. The Fibre Samples and their Preparation 
The five materials used in the present investiga- 
tion were: low density (branched) polyethylene 
("Alkathene", ICI  Ltd), high density (linear) 
polyethylene ("Rigidex", British Hydrocarbon 
Chemicals); polyethylene terephthalate ("Tery- 
lene", ICI  Ltd); nylon 6.6 ("Luron", ICI  Ltd) 
and polypropylene (from "Propathene" polymer, 
ICI  Ltd). All fibres contained small quantities of 
additives, as used in commercial materials, but 
in insufficient quantities to affect the overall 
characteristics of the polymer. 

All samples were in the form of monofilaments 
obtained by a conventional two-stage melt spin- 
ning and drawing process. Molten polymer was 
extruded under pressure and wound on a bobbin, 
conditions being chosen so that the resulting 
spun filaments had a very low degree of orienta- 
tion. These filaments were subsequently drawn 
(i.e., stretched) to varying degrees of molecular 
alignment. The drawing process was normally 
continuous, with the filament being stretched in a 
heated zone between two sets of rolls moving at 
different speeds, the draw-ratio being governed 
by the relative speed of the rolls. True draw-ratio 
was determined by comparing filament diameters 
before and after stretching. For the case of low 
density polyethylene drawing was carried out by 
stretching filaments mounted in an Instron 
tensile testing machine. The drawn monofila- 
ments typically had diameters in the range 0.01 
to 0.03 cm, a diameter small enough to yield a 
circular cross-section yet large enough to simplify 
experimental measurements. 

Optical anisotropy (birefringence) was meas- 
ured using a polarising microscope fitted with a 
Berek compensator; inspection under an inter- 
ference microscope determined whether the 
filaments were of uniform composition. 

In certain cases newly-drawn fibres, or those 
remaining wound on a bobbin for any length of 
time, were in a non-equilibrium state, and their 
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mechanical properties depended on the time 
between sample preparation and testing. All 
samples were thus permitted to relax before 
testing for sufficient time for reproducibility to 
be attained. 

The properties of the nylon filaments were 
sensitive to humidity; all tests on these samples 
were therefore carried out under controlled 
conditions. All other tests were carried out in an 
open laboratory at a temperature of 21 4- 2 ~ C. 

3.2. Experimental Principles and Procedure 
3.2,1. Extensional Measurements 
The extensional compliances of the monofila- 
merits (S'83) were determined by measuring their 
extensions under a range of loads, using a 
travelling microscope. Measurements were re- 
corded 1 min after loading, 10 min recovery then 
being allowed before a further load was added. 
Slight non-linearity (i.e. strain-dependence of 
compliance) was shown, particularly with poly- 
propylene, and so all results are quoted at 
strains of 0.005. To ensure reproducibility all 
filaments were subjected to an initial mechanical 
conditioning treatment, in which the maximum 
load was applied and removed several times, 
using the standard 1 min on, 10 min off, cycle 
[81. 

3.2.2. Axial Poisson's Ratio 
The axial Poisson's ratio (v~ = -- S'ia/S'sa) was 
measured directly from the change in diameter 
of a monofilament which was extended between 
the two movable clamps of a specially construc- 
ted microscope stage; two ink marks on the 
filament acted as reference points for measure- 
ments of length and changes of length [9]. All 
measurements were made with the aid of a 
calibrated eyepiece. An immersion liquid was 
used to reduce diffraction effects at the edges of 
the filament. 

3.2.3. Transverse Compression 
Hertzian contact theory has been extended to 
account for the compression of a monofilament 
(a transversely isotropic cylinder) between 
parallel rigid flats. The quantities which have 
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been measured are the contact width between 
cylinder and plates (2b), and the change in 
diameter parallel to the plane of contact (U1). It 
has been shown elsewhere [8, 9] that 

4FR 
b 2 = [S'11 - -  vs 2 S'a3] 

77" [(4 ) 
U 1 = Y - -  1 ( S ' 1 1  - -  JdE S a3) 

- (S'1~ - ~ S'3~)] 

where R is the radius of the filament and F the 
load per unit length of contact. 

Textile filaments are much stiffer along their 
axis than transverse to it, and S'a3 therefore is 
appreciably smaller than S'~a. Since Poisson's 
ratio is unlikely to be much different from 0.5, it 
follows that the second term is only a small 
correction factor, with the contact width depend- 
ing primarily o n  S t a l ,  

The diameter change U1 depends primarily on 
S'~2, although there is a substantial term of 
approximately 0.25 S'aa. Again the quantity 
vE 2 S'aa will be only a small correction term. 

LIGHT LEVER ARM 

/ t  

_r ; : p 

1 G 1 V ~ ~  TEST 
~7"Z71'-~2 F ILAMENT 

i t 
,,,, 

RIGID BASE PLATE 

/ 
Figure I Schematic side elevation of fibre compression 
apparatus (not to scale). Key: G1, G2, glass blocks; P, 
adjustable pivot; M, mirror. 

Measurements were performed using the 
apparatus shown schematically in fig. 1. The 
monofilament was compressed between the two 
parallel glass blocks G, and G2 and the contact 
width was measured from a projected image of 
the contact zone seen in reflected light. Surface 
roughness and asperities were evident only at the 
lowest loads. The interference fringes visible on 
either side of the contact zone could be used to 
extrapolate to the true contact width, but the 
correction was small compared with experi- 
mental error. 

Changes in transverse diameter U1 were 

measured directly, using a calibrated eyepiece. 
In this case the filament was surrounded by a 
suitable immersion liquid. 

3.2.4. Torsion Measurements  
The torsional modulus was measured using a 
free vibration torsion pendulum of the design 
described by Meredith [10]. The modulus was 
calculated from the period of oscillation by 
applying the standard formula for a cylindrical 
rod. 

3.3. E x p e r i m e n t a l  A c c u r a c y  

Viscoelastic effects, accuracy of instrumental 
readings and in the case of nylon the relative 
humidity, all affect the accuracy of measurements 
on a particular fibre. The major source of error 
was, however, the wide variation between nomin- 
ally identical samples. This variation was small- 
est for measurements of extensional compliance, 
where the value measured was an average over a 
60 cm length, and largest for Poisson's ratio 
measurements which involved changes in fila- 
ment diameter over a mean sample length of less 
than 0.1 cm. A standard error of only 5 % on the 
mean value of extensional compliance was 
frequently obtained from measurements on five 
to ten samples, whilst S'12 and S'la could show 
standard errors of 30 to 40% for a similar 
number of samples. 

The variability in torsional and transverse 
compliance experiments, where the sample 
lengths were several cm and several mm respect- 
ively, was intermediate between the limits above. 
Since these experiments were relatively simple to 
perform the number of samples measured could 
be increased to yield an overall accuracy com- 
parable with that for the extensional measure- 
ments. 

4. R e s u l t s  

Fig. 2 shows the extensional modulus (1/S'aa) of 
polyethylene terephthalate (P E T) measured as a 
function of both optical birefringence and draw- 
ratio; also shown is the relation between draw- 
ratio and birefringence. In some samples of P E T  
the skin of the fibre was not identical with the 
core, and showed a different relationship be- 
tween birefringence and draw-ratio [11 ]. Similar 
relationships for the other polymers tested are 
shown in fig. 3; no differential skin/core effect 
was observed in these materials. 

Figs. 4-8 compare the measured variations of 
extensional modulus (1/S'aa), transverse modulus 

155 



D .  W.  H A D L E Y ,  P.  R .  P I N N O C K ,  1. M. W A R D  

2 0  

15 

r 
u 

~1o r 'l 
X--- 

o 
o 

X 

xX/ 

I I I I 
0"05 O"10 O"15 0"20 

BIREFRINGENCE 

(a) 

o.2o X 

0,15 

h i  
U 
Z 
UJ 
o 
_z o . lo  
t r  
b_ 
kd 
r r  

0 " 0 5  

n 5  I I I I I I I 
2 3 4 5 6 7 8 

DRAW-RATIO 

(e) 
Figure 2 Polyethylene terephthalate f ibres: variation of 
extensional modulus with b i r e f r i n g e n c e  (a)  a n d  d r a w - r a t i o  

(b) togetherwi th  relation between birefr ingence and draw- 
ratio (c) .  

(1/S'11) and torsional modulus (1/S'~4), all 
plotted as functions of draw-ratio, with predicted 
Reuss and Voigt average values. These theor- 
etical values were calculated initially on the 
assumption that the elastic constants for the 
most highly-oriented fibres measured were those 
appropriate to the fully-oriented filaments. In 
certain cases the fit could be improved somewhat 
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by extrapolating from measured values to 
estimate the compliances for a fibre of maximum 
calculated birefringence. (Moduli rather than 
compliances have been plotted to reduce the 
data to more conventional forms.) 

Fig. 9 shows the effect of relative humidity on 
the extensional and torsional moduli of nylon, 
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Figure 3 Relation between birefr ingence and draw-ratio 
for  f ibres of (a) nylon, (b) high-density p31yethylene, (c) 
low-density polyethylene (d) polypropylene, 
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Figure 4 Low density polyethylene:  extensional  (Eo), 
t ransverse (Eg0) and torsional  modul i  (G),  compar ison 
between exper imental  results and s imple  aggregate 
theory  for Eo and E~0 (a) and (c), and for  G (b). 

and illustrates the necessity for keeping humidity 
constant. In subsequent work (fig. 8) the relative 
humidity was controlled at 20%, in a region 
where there is minimum sensitivity to small 
changes about the mean value. 

Measurements of all five elastic compliances at 
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selected degrees of orientation are shown in table 
I, which contains also the results of Raumann 
[12, 13] for low density polyethylene film. 
Values of S'33, S'u and S'44 for highly oriented 
and unoriented (macroscopically isotropic) fila- 
ments are given in table II. For the latter samples 
S'I~ = S'3~. Finally, in table III, comParisons are 
made between the measured values of S'~3 and 
S'44 and the values calculated from the aggregate 
theory using both Reuss and Voigt approxima- 
tions. 

5. Discussion 
5.1. General Features of Birefringence 
In general terms the birefringence/draw-ratio 
curves all take a similar form, as noted previously 
by several writers (e.g. Crawford and Kolsky for 
polyethylene [14], Cannon and Chappel for 
nylon [15], with the birefringence increasing 
rapidly at low draw-ratios, but approaching the 
maximum value asymptotically at draw-ratios 
greater than about five. Crawford and Kolsky 
concluded that the birefringence was directly 
related to the permanent strain, and they pro- 
posed a model of rod-like crystallites in a matrix, 
the symmetry axes of the crystallites rotating 
towards the draw direction on drawing. This 
model was later generalised to an aggregate of 
transversely isotropic units of known optical and 
mechanical anisotropy [5 ], and used to describe 
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Figure 5 High density polyethylene filaments: extensional 
(Eo), transverse (Eg0) and torsional moduli (G) comparison 
between experimental results and simple aggregate 
theory for Eo and E~0 (a) and (c), and for G (b). 

optical and mechanical data on oriented sheets 
of low density polyethylene. 

On this model the birefringence An of a fibre 
is given by 

- ~ y o i g  t a 
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DRAW-RATIO 

(b) 

An = Anmax (1 -- 3/2 sin20) 

where sin~0 is the average value of sin~0 for the 
aggregate of units. Crawford and Kolsky 
assumed that the symmetry axes of the aniso- 
tropic units rotated in the same manner as the 
lines joining pairs of points in the macroscopic 
body, which deformed uniaxially at constant 
volume. This assumption is similar to the affine* 
deformation scheme of Kuhn and Griin [16] for 
the optical anisotropy of rubbers, except that it 
does not allow for changes in length of the units. 

It has been shown that this pseudo-affine 
deformation scheme gives a reasonable first order 
fit to the data for polyethylene [14], nylon [15], 
polyethylene terephthalate [17] and polypropy- 
lene [18]. The inadequacies of the scheme are 
more apparent when the mechanical anisotropy 
is examined in detail. 

For the hot-drawn fibres studied here the 
pseudo-affine deformation scheme predicts orien- 
tations at low draw-ratios which are greater than 
those found experimentally, and the converse 
situation at high draw-ratios. In polyethylene 
terephthalate, where the maximum birefringence 
can be predicted with some confidence from bond 
polarisabilities (Pinnock and Ward [11 ], quoting 
Mr R. P. Palmer's data), it was found that 
empirically the birefringence was related to a 

*In the atTme deformation scheme of Kuhn and Griin the cross-link points of the rubber network can be considered to 
deform in an identical manner to points marked in the macroscopic body. 
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Figure 6 Polypropy lene f i laments :  ex tens ional  (Eo), t rans-  
verse  (Eg0) and to rs iona l  modul i  (G) ; compar ison between 
exper imenta l  resul ts  and s imple aggregate theory fo r  Eo 
and E00 (a) and (c), and fo r  G (b). 

logarithmic function of draw-ratio. In cold- 
drawn polyethelene terephthalate fibres, on the 
other hand, an exact fit with the predictions of 
the psendo-affine deformation scheme was ob- 
tained [17], showing that the exact nature of the 
drawing process is important in determining the 
distribution of molecular orientations. 

In both polyethylene and polypropylene there 
is considerable difficulty in obtaining an accurate 
estimate of the maximum birefringence since the 
necessary assumption of additivity of bond 
polarisabilities seems likely not to hold for the 
C--C bond [19]. In polypropylene, where a 
detailed study has been carried out [18], it was 
concluded that the divergence between measured 
and predicted birefringence was similar to that 
observed in polyethylene terephthalate. 

It can be concluded therefore, on the evidence 
of birefringence data, that the pseudo-affine 
deformation scheme applies even as a first 
approximation only to the hot-drawing of 
polymers. 

5.2. General Features of Mechanical 
Anisot ropy 

The exact development of mechanical anisotropy 
with draw-ratio will depend on details both of the 
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Figure 7 Polyethylene terephthalate f i laments: extensional 
(Eo), t ransverse (Eg0) and torsional moduli (G); compari- 
son between experimental results and simple aggregate 
theory for Eo and Eg0 (a) and (c), and for G (b). 

composition of the fibres and of the drawing 
process. However, the examination of the arbi- 
trary set of commercially-produced fibres dis- 
cussed here shows general features characteristic 
of each polymer. 
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As is well known in the technology of syn- 
thetic fibre production, the principal effect of 
molecular orientation is to give a considerable 
increase in Young's modulus measured in the 
direction of the fibre axis; i.e. S'aa for the highly- 
oriented fibres is much less than S'33 = S'11 for 
unoriented filaments. In nylon and polyethylene 
terephthalate there is a corresponding, but small, 
increase in S'11 with increasing molecular 
orientation; for polypropylene and high density 
polyethylene S'~ remains almost constant; but 
for low density polyethylene S'~a decreases signi- 
ficantly as the orientation increases. The overall 
effect is that (as can be seen from the summarised 
values in table I) with the exception of the last 
material the extensional compliance for highly 
oriented filaments (S'3~) is much less than the 
transverse compliance (S'11). Polyethylene tere- 
phthalate is the most anisotropic fibre in this 
respect, with S'a~/S'3z "~ 27. Note the anomalous 
behaviour of low density polyethylene at draw- 
ratios less than 2. In this region S'x~ < S'38, with 
S'3a showing a relatively large maximum at low 
draw-ratios and S'3a only a shallow maximum. 
These features have been discussed in detail 
elsewhere [13, 20]. 

A further striking difference between low 
density polyethelene and the other fibres was 
shown by the change of the shear modulus 
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Figure 8 Nylon f i laments; extensional (Eo), transverse 
(Eg0) and torsional moduli (G); comparison between 
experimental results and simple aggregate theory for  Eo 
and Eg0 (a) and (c), and for G (b). 

(1/S'44) on orientation, a decrease greater than 
three times occurring over the range of orienta- 
tions examined, compared with only small 
changes for the other materials. For these other 
fibres S'~a lay close in value to S'11: in poly- 
ethylene terephthalate, high density polyethylene 
and polypropylene S'4JS' l l  ,.~ 1: in nylon 
S'4jS'a~ ,,~ 2. Low density polyethylene appears, 
as far as the present room temperature measure- 
ments are concerned, to be an exceptional poly- 
mer in all respects, with the extensional compli- 
ance having the same order of magnitude as the 
transverse compliance, and the shear compliance 
(S'4~) being more than an order of magnitude 
greater than either S'~3 or S'~.  This exceptional 
behaviour was borne out by subsequent detailed 
analysis, which is the subject of a series of 
separate publications [20, 21]. 

It is interesting to note the similarity between 
the elastic constants of high density polyethylene 
and polypropylene: the relative values of the 
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Figure 9 Highly-drawn nylon f i lament:  effect of relative 
humidity at 21 o C on extensional (a) and torsional modul i  
(b). 

elastic compliances show Very similar trends, and 
the major differences can be expressed by the 
greater stiffness of polypropylene, as might be 
expected from its higher melting point. 

The compliance -- S'ln was in all cases low, 
and appeared (within the range of data obtained) 
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to decrease rapidly with increasing draw-ratio, in 
a parallel manner to S'3~. Thus Poisson's ratio 
( r E  = - -  S ' 1 8 / S ' 3 3 )  was rather insensitive to draw- 
ratio and, with the exception of highly oriented 
high density polyethylene, did not differ signifi- 
cantly from 0.50. The assumption that the fibres 
are incompressible is thus generally a valid 
approximation. (Note that for anisotropic 
bodies v~ is not confined to values < 0.50, but is 
limited solely by the inequalities necessary for a 
positive strain energy: S'12 ~ < S'112; S'132 < �89 
(S'11 -t- S'12), see for example Nye [4].) 

The "transverse Poisson's ratio" (vT '=  
S' /S' - -  12/ 11J was subject to large experimental 

errors, but even so the values can be seen to 
range widely, with those for polypropylene and 
high density polyethylene being considerably 
higher than for the other three materials. 

Two small unusual features of the mechanical 
anisotropy of the fibres examined have not 
previously been reported. There is a small 
minimum in the extensional modulus of high 
density polyethylene at low draw-ratios, and a 
very small maximum in the torsional modulus of 
nylon at a draw-ratio of 1.5. 

5.3, Correlation of the Elastic Compliances 
between Oriented and Unoriented Fibres 

Investigations of the relationships between 
mechanical anisotropy and structure of oriented 
polymers [15, 11, 18, 20, 21] have shown that, 
although the morphological structure can be 
important in some details, the molecular 
orientation is usually the primary factor in 
determining the mechanical anisotropy. It has 
been found useful in the analysis of the aniso- 
tropy to consider that the unoriented or 
partially oriented polymer or fibre can be 
regarded, as explained in section 2.2, as an 
aggregate of anisotropic elastic units whose 
properties are those of the perfectly oriented 
material. Different values for the elastic con- 
stants of the aggregate are predicted by the Reuss 
(constant stress) and Voigt (constant strain) 
approximations. It has been shown by Bishop 
and Hill [22], on energy considerations, that the 
correct value for a random aggregate lies be- 
tween the extreme values predicted by the 
alternative schemes above. 

In table III the measured compliances for un- 
oriented fibres are compared with those calcu- 
lated on the basis of the Reuss and Voigt averag- 
ing procedures. For the cases of polyethylene 
terephthalate and low density polyethylene the 
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TABLE I Elastic compliances of oriented fibres (units of compliance are cm2/dyn • 10-1~; errors quoted are 95~o 
confidence limits). 

Material Birefringence S'11 S'12 S'3 3 S'a3 S'44 E =  - S'13__ E ' =  S'~2 
(An) S'32 Sql 

Low density 
polyethylene film 
(Raumann [14]) - -  22 - 15 14 - 7 680 0.50 0.68 

Low density 0.0361 404- - 254- 204- - 114- 8784- 0.554- 0.614- 
polyethylene 1 4 4 2 2 56 0.08 0.20 

Low density 0.0438 30 ! - 224- 124- - 74- 9174- 0.584- 0.734- 
polyethylene 2 3 3 1 1 150 0.08 0.20 

High density 0.0464 24 :u - 124- 114- - 5.14- 344- 0.464- 0.524- 
polyethylene 1 2 1 1 0.7 1 0.15 0.08 

High density 0.0594 154- - 164- 2.34- - 0.774- 174- 0.334- 1.14- 
polyethylene 2 1 2 0.3 0.3 2 0.12 0.14 

Polypropylene 1 0.0220 194- - 134- 6.74- - 2.84- 184- 0.424- 0.684- 
1 2 0.3 1.0 1.5 0.16 0.18 

Polypropylene 2 0.0352 124- - 17 :~ 1.64- - 0.734- 104- 0.474- 1.54- 
2 2 0.04 0.3 2 0.17 0.3 

Polyethylene 0.153 8.94- - 3.94- 1.14- - 0.474- 14 • 0.434- 0.444- 
terephthalate 1 0.8 0.7 0.1 0.05 0.5 0.06 0.09 

Polyethylene 0.187 164- - 5.84- 0.714- - 0.314- 144- 0.444- 0.37 • 
terephthalate 2 2 0.7 0.04 0.03 0.2 0.07 0.06 

Nylon 0.057 7.34- - 1.94- 2.44- - 1.14- 154- 0.484- 0.264- 
0.7 0.4 0.3 0.15 1 0.05 0.08 

TABLE II Comparison of elastic compliances of highly- 
oriented and unoriented fibres (units of 
compliance are cm2/dyn • 10-1~). 

Highly- Unoriented 
oriented 
S'11 S'33 S'44 S'11=S'~3 S'44 

Low density polyethylene 30 12 917 81 238 
High density polyethylene 15 2.3 17 17 26 
Polypropylene 12 1.6 10 14 27 
Polythyleneterephthalate 16 0.71 14 4.4 11 
Nylon 7.3 2.4 15 4.8 12 

m e a s u r e d  i so t rop ic  compl i ances  lie b e t ween  the  
ca lcu la ted  b o u n d s ,  sugges t ing  t ha t  i n  these  
po lymer s  the  mo lecu l a r  o r i e n t a t i o n  is i ndeed  the  
p r i m a r y  fac tor  d e t e r m i n i n g  the  m e c h a n i c a l  

an i so t ropy .  I n  n y l o n  the  m e a s u r e d  com pl i ances  
lie j u s t  ou t s ide  the  b o u n d s ,  sugges t ing  t ha t  
a l t h o u g h  m o lecu l a r  o r i e n t a t i o n  is i m p o r t a n t  i n  
d e t e r m i n i n g  the  m e c h a n i c a l  an i so t ropy ,  o the r  
factors  also p lay  a n  i m p o r t a n t  par t .  F ina l ly ,  in  
h igh  dens i ty  po lye thy lene  a n d  p o l y p r o p y l e n e  the  
m e a s u r e d  va lues  for  the  i so t rop ic  c o m p l i a n c e  
S'11 = S'3s lie well  ou t s ide  the  ca lcu la ted  b o u n d s ,  
sugges t ing  t ha t  factors  o ther  t h a n  o r i e n t a t i o n  
p l ay  a m a j o r  role  in  the  m e c h a n i c a l  behav iou r .  

5.4. T h e o r e t i c a l  A t t e m p t s  to P red ic t  the  
Mechan i ca l  A n i s o t r o p y  

The  elastic cons t an t s  o f  a pa r t i a l ly  o r i en ted  po ly -  
m e r  c a n  be  pred ic ted  w i t h o u t  o b t a i n i n g  the  
d i s t r i b u t i o n  o f  o r i e n t a t i o n  o f  the  uni ts .  I t  is 

TABLE III Comparison of calculated and measured extensional and torsional compliances for unoriented fibres 
(units are cm2/dyn • 1011). 

Extensional compliance (S'11=S'33) Torsional compliance (S'44) 
Calculated Measured Calculated Measured 
Reuss av Voigt av Reuss av Voigt av 

Low density polyethylene 139 26 
High density polyethylene 10 2.1 
Polypropylene 7.7 3.8 
Polyethylene terephthalate 10.4 3.0 
Nylon 6.6 5.2 

81 416 80 238 
17 30 6 26 
14 23 11 2.7 
4.4 25 7.6 111 
4.8 17 13 12 
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necessary, as discussed in detail elsewhere [5, 24], 
only to use the spherical harmonic functions 
P~ and P4 relating to c ~  and c ~ ,  where 0 is 
the angle between the axis of an elastic unit in the 
aggregate and the fibre axis. Only in the case of 
low density polyethylene have attempts been 
made by X-ray and nuclear magnetic resonance 
methods to determine these spherical harmonic 
functions by direct measures [23, 24]. 

It can be seen from figs. 4-8 that the aggregate 
model incorporating the pseudo-affine deforma- 
tion scheme can predict the general form of the 
mechanical anisotropy. As reported previously 
[5] the predicted Reuss average curves for low 
density polyethylene (the only set obtainable at 
the time since S'12 had not then been measured) 
show the correct overall pattern, including the 
minimum in the extensional modulus. This 
feature arises because of the extremely large 
shear compliance S'~4 for the highly-oriented 
fibre (the unit of the model) compared with S'n 
and S'3a, which are approximately equal. Recent 
work [20, 25] attempts to relate the high shear 
compliance to structural features; viz a molecular 
motion parallel to the molecular chains in the 
crystallites. 

The theoretical curves differ from those 
obtained experimentally in two ways. First there 
are features of detail (a small minimum in the 
transverse modulus for low density polyethylene; 
a small minimum in the extensional modulus for 
high density polyethylene) which are not predict- 
ed at all. It will be shown elsewhere [26] that 
such effects can be associated with mechanical 
twinning. Secondly the predicted, development of 
mechanical anisotropy with increasing draw- 
ratio is much less rapid than is observed in 
practice. Deficiencies in the pseudo-affine 
deformation scheme are not unexpected because 
of the simplifying nature of the assumptions 
made. In low density polyethylene a consider- 
ably improved fit was obtained by taking the 
measured orientation functions [23, 24]. 

The aggregate model predicts only that the 
elastic constants should lie between the Reuss 
and Voigt average values. In polyethylene tere- 
phthalate it is clear that experimental com- 
pliances lie approximately midway between the 
two bounds. For cold-drawn fibres this median 
condition applies almost exactly [17]. 

For low density polyethylene, however, a 
Voigt averaging scheme does not predict the 
anomalous behaviour; thus the Reuss average 
appears to describe the physical situation more 
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closely. A similar conclusion was reached by 
Odajima and Maeda [27], who compared 
theoretical estimates of the Reuss and Voigt 
averages of single crystals of polyethylene with 
experimental values. 

In nylon it would appear that the Voigt 
average is closest to the experimentally observed 
data. It is interesting to note that both averaging 
schemes predict a maximum in the torsional 
modulus as a function of draw-ratio. 

The aggregate model would not appear to be 
generally applicable to high density polyethylene 
and polypropylene. Pinnock and Ward 1118] had 
earlier concluded that for polypropylene the 
aggregatemodelwas applicable only at lowdraw- 
ratios. It would appear that for high draw-ratios, 
quite apart from the degree of orientation, 
simultaneous changes occur in morphology and 
molecular mobility, both of which affect the 
mechanical properties. 

All the experimental work was performed at 
room temperature. It has since been shown [20] 
that the anomalous behaviour of low density 
polyethylene film at low draw-ratios disappears 
at sufficiently low temperatures, and it is thus 
feasible that for all polymers the applicability of 
either the Reuss or Voigt type schemes might be 
dependent on the temperature at which the 
investigations were carried out. 

6. Conclusions 
The aggregate model meets with some success in 
attempting to predict the mechanical anisotropy 
of oriented polymeric fibres. In its simplified 
form where pseudo-affine deformation is as- 
sumed, the Reuss average can predict to a first 
approximation the overall patterns of mechanical 
anisotropy. With direct measurement of the 
required orientation functions the theory can in 
some cases give a quantitative fit to the experi- 
mental data. It appears that in low density 
polyethylene the Reuss average describes the 
physical situation more closely than the Voigt 
average; in nylon the Voigt average appears to be 
more applicable; and in polyethylene tereph- 
thalate the measured values are close to the mean 
of the two averages. It is considered that these 
conclusions will relate to the detailed nature of 
the stress and strain distributions at a molecular 
level in the fibres, and should in turn be related 
to the structure. 

In two fibres, high density polyethylene and 
polypropylene, the aggregate model appears at 
this stage to be of very limited applicability, 
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p r o b a b l y  b e c a u s e  o f  c o m p l e x  c h a n g e s  i n  

m o r p h o l o g y  a n d  m o l e c u l a r  m o b i l i t y  w h i c h  o c c u r  

o n  d r a w i n g .  
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